Abstract. In this article, we prove a Legendrian Whitney trick which allows for the removal of intersections between codimension-two contact submanifolds and Legendrian submanifolds, assuming such a smooth cancellation is possible. This technique is applied to show the existence h-principle for codimension-two contact embeddings with a prescribed contact structure.
Introduction
The object of this article will be to show the existence of the Legendrian Whitney trick, which removes smoothly canceling intersections between codimension-2 contact submanifolds and Legendrian submanifolds.
The smooth Whitney trick is a method for removing points of intersection between two smooth submanifolds [28, 37] . This technique rests at the center of differential topology, with direct applications to embeddings problems [33, 37] and the h-cobordism theorem [31, 34] . Since its first appearance [37] , the Whitney trick has been generalized to include multiple submanifolds [30] , intersections of positive dimension [20, 23] and adapted for 4-dimensional manifolds [8, 17] . At its core, the Whitney trick states that a smooth cancellation is possible if certain algebraic obstructions vanish, thus measuring the difference between algebraic topology and geometric topology. In the present article, we study the Legendrian Whitney trick, in the context of contact structures, further crystallizing the difference between smooth topology and contact topology.
Let (D 2n−1 , ξ st ) be the standard contact structure in the smooth (2n − 1)-dimensional disk, and (B, ξ) an arbitrary contact structure in the (2n + 1)-dimensional standard smooth disk B = {(x, y, z) ∈ R n × R n−1 × R 2 : |x| 2 + |y| 2 + |z| 2 ≤ 1}.
The two smooth inclusions
S n = {(x, y, z 1 , z 2 ) ∈ R n × R n−1 × R × R : |x| 2 + |z 1 | 2 = 0.5, p = z 2 = 0} ⊆ B, will be referred to as the smoothly standard embeddings. The main result of the article reads as follows:
Theorem 1 (Legendrian Whitney Trick). Let φ : (D 2n−1 , ∂D 2n−1 ; ξ st ) −→ (B, ∂B; ξ) be a proper isocontact embedding, n ≥ 2, and λ : S n −→ (B, ξ) a Legendrian embedding, such that φ, λ are smoothly standard. Then, there exists a compactly supported family of isocontact embeddings φ t : (D 2n−1 , ξ st ) −→ (B, ξ), t ∈ [0, 1], φ 0 = φ, such that im(φ 1 ) ∩ im(λ) = ∅.
Theorem 1 stands in contrast with many known obstructions [3, 7, 11, 35] for the removal of intersections, via contact isotopies, between certain subsets in contact manifolds. In particular, pairs of overtwisted disks are known to admit a rigid behavior [35] whereby there exists a smooth isotopy removing their intersections but no such contact isotopy exists. In fact, as shown in [7, Section 8.2] , the intersection theory between the overtwisted contact germ and certain Legendrian spheres is strictly richer than the smooth topology. The new insight in Theorem 1 is that in higher dimensions the interaction between Legendrian submanifolds and contact submanifolds is much closer to smooth topology.
In the same vein as the smooth Whitney trick, Theorem 1 should lead to a source of applications in higherdimensional contact topology. In this article, we apply Theorem 1 to resolve the existence problem for isocontact submanifolds: Theorem 2 shows that any codimension-2 smooth submanifold in a contact manifold (M, ξ M ) can be smoothly isotoped to be a contact submanifold, with a chosen induced contact structure, as long as the obstructions from algebraic topology vanish. In pair with M. Gromov's h-principle for codimension-k submanifolds, k ≥ 4, Theorem 2 resolves the existence h-principle for isocontact submanifolds in any formal class, i.e. the existence of codimension-2 contact embeddings with a prescribed contact structure in the domain.
The study of contact submanifolds in higher dimensions has recently seen new developments, including the articles [4, 7, 15, 16, 27, 29, 32] . Theorem 1 focuses on the interplay between Legendrian submanifolds and contact submanifolds, the first result of its type. Theorem 2 addresses the existence of a contact submanifold in a given smooth class. Regarding uniqueness, the first author and J. Thus, this present work is part of a new collection of articles establishing the foundations for the study of contact submanifolds in higher dimensions. In particular, Theorem 2 should also follow by combining the results from the third author [32] with the higher-dimensional convex theory [27] .
The present arguments for Theorem 1 and 2 apply to higher dimensional contact manifolds, and crucially use the dimensional hypothesis. In the remaining case, that of transverse knots in contact 3-manifolds, Theorem 2 holds if we allow ourselves to change the self-linking number [19, Section 3.3] , and thus the conclusion is only on the smooth type of the knot, rather than the formal isocontact type of the embedding. This situation is in line with the 3-dimensional Thurston-Bennequin inequality [19, Section 4.6.5] and the difference between Legendrian knots and higher-dimensional Legendrian submanifolds [7] .
Organization. This article is organized as follows: Section 2 proves Theorem 1 and Section 3 shows Theorem 2 as an application. Regarding notation, given a set C we will denote by Op(C) an arbitrarily small open neighborhood of it.
Legendrian Whitney trick.
The classical smooth Whitney trick [28, 37] starts with two oriented submanifolds S 0 , S 1 ⊆ M inside a simply connected orientable manifold M , which intersect at finitely many (signed) points. The main assumption is the existence of two oppositely oriented intersection points p 0 , p 1 ∈ S 0 ∩ S 1 . The Whitney trick then consists of canceling these two intersection points by placing them as boundaries of two embedded curves ψ 0 : [0, 1] −→ S 0 and ψ 1 : [0, 1] −→ S 1 . The crucial part of the argument relies on the existence of an embedded smooth disk ψ : [0, 1] × [0, 1] −→ M which intersects S 0 and S 1 exactly in the images of ψ i , i = 0, 1, only along its boundary, and satisfies ψ(t, 0) = p 0 and ψ(t, 1) = p 1 . This disk, known as a Whitney disk, is then used to construct a smooth flow that pushes ψ 0 to ψ t = ψ(t, −) for time t and is supported in an arbitrarily small neighborhood of the disk. The image of S 0 through the flow at time t = 1 + δ, for δ ∈ R + arbitrarily small, becomes displaced from S 1 at the points p 0 , p 1 ∈ S 1 , and no new intersections are introduced.
The Legendrian Whitney trick generalizes the smooth Whitney trick to submanifolds whose generic intersection has dimension strictly larger than zero. For instance, a Legendrian sphere in (S 2n+1 , ξ st ) generically intersects a codimension-two contact submanifold in a smooth submanifold of dimension (n − 2). In this context, the underlying smooth arguments in the contact setting are in line with A. Haefliger's proof of unknotting in high codimensions [23] , and see also A. Shapiro's theory of deformation cells [33, Section 5] .
Let (M, ξ) be a (2n + 1)-dimensional contact manifold, the intersection of a Legendrian sphere S ⊆ (M, ξ) and a codimension-two contact submanifold
For the Legendrian Whitney trick, the smooth topology of Σ might be non-trivial, and thus not necessarily bound a smooth disk. Instead, the role of the Whitney disk is played by a Legendrian embedding
The image of the Legendrian embedding ψ is referred to as a Legendrian Whitney bridge, and its interior will lie on the complement M \ (S ∪ D). It is this Legendrian Whitney bridge that allows us to construct a compactly supported contact isotopy sliding S along W and remove the intersection Σ ⊆ S ∩ D without creating a new one.
2.1. Construction of the Legendrian Whitney Bridge. First, let us work under the hypothesis of Theorem 1, with the contact submanifold (D, ξ) ⊆ (B, ξ) being a standardly embedded contact disk and S ⊆ (B, ξ) a Legendrian sphere which is also standardly embedded. By genericity, we assume the intersection Σ = D ∩ S between D and S is smoothly transverse. Since S is compact and D is smoothly standard, there exists a (n − 1)-dimensional compact manifold W and an embedding W −→ S with boundary ∂W = Σ. Indeed, the submanifold W can be constructed by fixing a 2n-dimensional smoothly standard diskD 2n , satisfying D ⊆D ⊆ B, and intersecting the closure of one of the two connected components ofD 2n \ D with the Legendrian sphere S. 
Property 3 in Proposition 3 is depicted schematically in Figure 1 . 2.2. Proof of Proposition 3. Let us declare φ 0 = ψ 0 to be the inclusion W ⊆ S. Choose a compatible almost complex structure J ξ for the symplectic bundle ξ = (ker α, dα) which extends a complex structure compatible with (D, ξ| D ). First, we proceed with the construction of the Legendrian embedding yielding W ⊆ B near the intersection locus Σ. For that, we choose framings as follows.
Let us trivialize the rank-two (trivial) normal bundle ν S Σ over Σ such that
where v 1 , w 1 are fixed but arbitrary non-vanishing sections. Since this rank-two bundle v 1 , w 1 is transverse to T D| Σ , there is a unique vector field v 0 , up to positive scalar function, such that Indeed, the second property follows from the fact that T Σ ⊕ v 1 , w 1 is a Lagrangian subspace and we have replaced w 1 by a linear combination of the type v 0 = λ 0 w 1 + λ 1 Jw 1 + λ 2 v 1 , and such a vector paired with the isotropic subspace T Σ ⊕ v 1 evaluates to zero for the symplectic structure on ξ Σ .
For the smooth embedding φ 1 , we directly invoke the Whitney Embedding Theorem [36, 37] . This constructs a smooth embedding φ 1 : W −→ D such that φ 1 (∂W ) = Σ, such that the vector field v 0 is tangent to φ 1 (W ) and v 1 is transverse to φ 1 (W ). In order to adequately extend the vector fields v 0 , v 1 in a neighborhood of Σ, let us use the following:
be an isotropic embedding, k < n, and {τ k+1 , . . . , τ n } a partial framing for e * ξ such that T Σ ⊕ {e * τ k+1 , . . . , e * τ n } ⊂ ξ e(S) is a Lagrangian subspace. Then there exists a Legendrian
Lemma 5 is proven right after we conclude the present proof. Now, we apply the Lemma 5 to the inclusion Σ = S ∩D and the partial framing {τ n−1 , τ n } = {v 0 , v 1 }, where the vector fields v 0 , v 1 are extended preserving their containment in ξ and the extension of v 1 being transverse to φ 1 (W ). This extension yields a family of maps First, let us claim that for ε ∈ R + small enough, we can construct smooth push-offs of the two embeddings φ 0 (W ), φ 1 (W ) providing a family of embeddings {φ t }, t ∈ [0, ε) ∪ (1 − ε, 1] which are each transverse to D and S, and intersect D and S at Σ. In order to prove this, it is enough to find two non-vanishing vector fields τ 0 , τ 1 within ξ which are defined over φ 0 (W ) and φ 1 (W ), respectively, are normal to them and extend v 0 and v 1 , i.e. (τ 0 ) |Σ = v 0 and (τ 1 ) |Σ = v 1 . For that, let ∆ be the connected component ofD \ D which defines W , and note that
The vector field τ 0 is constructed similarly. Indeed, the vector field J ξ · w 1 is defined along φ 0 (W ) and the vector field v 0 that is defined over the collar C Σ . Since v 1 , w 1 is transverse to D, we have that λ 1 > 0 and thus the linear interpolation between J ξ · w 1 and v 0 is never zero and transverse to φ 0 (W ). Hence, we can choose a cut-off function h : W −→ [0, 1] compactly supported on the collar C Σ , with h |Σ = 1 and declare
In this stage of the argument, the Legendrian Whitney bridge W × [0, 1], and its embedding (F • e) are (smoothly) defined by φ in the region
. Its extension can be constructed as follows: choose an arbitrary smooth mapφ : W ×[0, 1] −→ B, which coincides with φ along A, and use Thom's Transversality Theorem [12] to obtain a C ∞ -small perturbation, relative to a neighborhood of A, which does not intersect S. This is possible since dim(W ×[0, 1])+dim S = 2n < 2n+1 = dim B. Then, the Whitney Embedding Theorem applies to perturb the mapφ, relative to A, into a smooth embedding 
Indeed, along the collar neighborhood C Σ , the complexification (φ t ) * T W ⊗ R C is a choice for V , and the linear interpolation (tτ 1 + (1 − t)τ 0 ) |Σ = tv 1 + (1 − t)v 0 is a section trivializing the rank-two symplectic orthogonal. Then obstruction theory [24] tells us that this trivial sub-bundle can be extended along W × [0, 1]: since ξ is smoothly trivial, choose a smooth mapf : W × [0, 1] −→ S 2n−1 extending a fixed section on the boundary, which exists since dim W × [0, 1] = n and S 2n−1 is (2n − 2)-connected. In conclusion, we have the decomposition φ * ξ = V ⊕ {f , Jf } for the pull-back of the contact structure.
Let us denote V t = V | φt(W ) and G t = G| W ×{t} , and let us require that the formal isotropic embedding (φ, G) satisfies the following properties:
The first condition is determined by imposing G(w, t)(∂ t ) = f (w, t), and the second condition merely formalizes that the embedding is already Legendrian, not just formally Legendrian, in certain regions. The third condition can be assumed since
Now, the C 0 -dense h-principle for Legendrian immersions and the genericity of the immersion yields a C 0 -small perturbation of the pair (φ 1 , G 1 ) into a new pair (ψ 1 , F 1 = dψ 1 ). Then we push the smooth map ψ 1 along the flow of τ 1 to define the maps ψ t , for t ∈ (1 − ε, 1], which are Legendrian embeddings. Finally, the same C 0 -dense h-principle for Legendrians immersions relative to the domain for the pair (φ, G) produces the required Legendrian Whitney bridge. The embedding F : W −→ B defined in the statement is the map ψ extended with the vector fields ∂ s and ∂ t , defined in the two boundaries of W × [0, 1]. This concludes the proof of Proposition 3.
Proof of Lemma 5. Consider the contact structure (T * Σ × C n−k × R, ξ st ) considered as a 1-jet space, and extend the map e to an smooth embeddingê :
such thatê * ξ std coincides with ξ over e(Σ) and ∂ ∂xi is mapped to the corresponding framing vector. Since the associated conformal symplectic structures share a Lagrangian subspace, the linear interpolation between them is through conformal symplectic structures. By Moser's stability argument [19] , given that the contact structures coincide over S, there is a small neighborhood of Σ that is contactomorphic to a small neighborhood of Σ ⊆ T * Σ × C n−k × R. Composingê with this contactomorphic yields the required Legendrian embedding. [33, 37] . In the present case, the central caveat is that the isotopy that displaces the Legendrian sphere S from the contact submanifold D must also be a contact isotopy. The challenge thus relies in finding a compactly supported contact isotopy which pushes the Legendrian S along the image of the Legendrian Whitney bridge W × [0, 1] in such a manner that the last contactomorphism has removed the intersection Σ.
In the smooth case, this is achieved by integrating a compactly supported extension of the smooth vector field in the direction of [0, 1]. The core difference between the smooth and the contact situations is the fact that smoothly cutting-off a contact vector field might not integrate to a contact isotopy. Hence, in a nutshell, the main contribution of this section is a careful analytical construction of a compactly supported contact vector field, equivalently a contact Hamiltonian, which produces a contact isotopy with the necessary properties. Let us introduce local coordinates in order to perform these computations. , and q n−1 ∈ (−ε, ε) the local coordinate in Op(∂W ) defined by distance to ∂W . Thus, given the nature of the quotient W × [0, 1] −→ W, the pair (q n−1 , q n ) can be understood as smooth polar coordinates in Op(∂W ) ⊆ W, parametrizing the 2-dimensional normal slice to ∂W , where q n−1 is the radius and q n its associated angle.
The intersection W 0 = W ∩ S of the Whitney bridge with the Legendrian sphere is the image of W × {0}, and the intersection W 1 = W ∩ D of the Whitney bridge with the contact submanifold is the image of W × {1}. Far from Σ, i.e. q n−1 = 0, the former can be given the local 1 equation {(q 1 , . . . , q n−1 , q n ) ∈ W : q n = 0}, whereas the latter is defined by {(q 1 , . . . , q n−1 , q n ) ∈ W : q n = 1}. Along Σ, given by the vanishing of q n−1 , the quotient W ×[0, 1] −→ W forces q n to be ill-defined, and we interpret any restriction on q n being satisfied. Thus, the above equation can be understood as meaningful all along W and we have W 0 ∩ W 1 = Σ. This establishes a coordinate system along W, which we can now extend to its neighborhood J 1 (W, ξ st ). Indeed, the chosen extension is given by the trivial Legendrian inclusion
In the model T * W × R, we write (q, p) ∈ T * W for points in the cotangent bundle such that the canonical projection π : T * W −→ W is given by π(q, p) = q. The contact submanifold D is cut-out by the equation
where p n is the conjugate coordinate of q n . The isotropy and dimension count for W, S and ∂W forces their conjugate momenta to vanish and thus we can write
Again, these coordinates are understood in the quotient W, and thus the intersection Σ = S ∩D is non-empty, cut out by the equation Σ = {(q, p, τ ) ∈ T * W×R : p 1 = p 2 = . . . = p n−1 = p n = 0, τ = q n−1 = q n = 0}, since the vanishing of the radial coordinate q n−1 allows for both equations {q n = 1} and {q n = 0} to be satisfied by the angular coordinate, as in the usual context of smooth polar coordinates. Finally, let (x, y) ∈ D 2 be Cartesian coordinates for the disk spanned by these polar coordinates (q n−1 , q n ), and denote their conjugate momenta by (p x , p y ). Note that, in these Cartesian coordinates the intersection of the contact submanifold D with the Legendrian Whitney bridge reads The need for this modification is already present in the smooth Whitney trick, as can be visualized in Figure  3 . Indeed, the vector field ∂ qn in the above Whitney bridge (e, F, W ) vanishes along Σ, given that the smooth map (F • e) only embeds the quotient W. It is thus necessary to enlarge the collar C Σ of Σ ⊆ W in order for the extension of the vector field ∂ qn to displace ∆ from S. This modification is stated in detail in the upcoming Lemma 6.
The notation follows that of Proposition 3, with (s, t) denoted by (q n−1 , q n ) and q ∈ Σ denoting a point in Σ = ∂W . Let us also prolong a collar neighborhood of the boundary Σ = ∂W ⊆ W from C Σ = Σ × (−ε, 0] to C Σ = Σ × (−ε, ε] and use it to define the extension W = W ∪ ∂W × (0, ε]. In addition, fix any arbitrary smooth function m : (−ε, −ε/2) × (−1 − ε, 0) −→ (−ε − 1, 0), on the variables (q n−1 , q n ) such that:
-m is not increasing on q n−1 , -For −ε < q n−1 < −4ε/5, m(q n−1 , q n ) = 1, -For −3ε/5 < q n−1 < −ε/2 and q n < −ε/10, m(q n−1 , q n ) = ε, -For −3ε/5 < q n−1 < −ε/2 and q n = 0, ∂ qn m = 0 and m(q n−1 , q n ) = 1.
In the working hypothesis of Proposition 3, we have the following: Lemma 6. There exists a smooth map e :
The map e coincides with e away from Op(Σ) ⊆ W , i.e. on the domain
, where the smooth map h is given by
where the functions In order to ease notation, we shall refer to this extended Legendrian Whitney bridge still as (e, F, W ), understanding that the goal is to displace the original intersection Σ. However, the coordinates (x, y) will be still referring to the previous embedding and this is why they satisfy Property (e) 2.3.3. The contact isotopy. Endowed with the Legendrian Whitney bridge provided by Proposition 3, and duly modified in Lemma 6, we can consider the smooth isotopy given by the flow along the (quotient of the) coordinate q n ∈ [0, 1] ⊆ W, generated by the vector field ∂ qn ∈ Γ(T W), which is non-vanishing away from Σ, and adjusted to remove the intersection at Σ. This is the smooth generalization of the classical Whitney trick, as depicted in Figure 1 . This smooth flow, defined along W, lifts to a contact isotopy in the 1-jet bundle J 1 (W, ξ st ) [19] . Nevertheless, this is not a compactly supported contact isotopy. The canonical lift of the vector field e * (∂ qn ) has contact flow (j 1 φ) t (w, q n , p w , p n , τ ) = (w, q n + t, p w , p n , τ ), where w ∈ W belongs to the Legendrian Whitney bridge. Note that this contact flow displaces the Legendrian S from the contact submanifold D at t ≥ 1 + ε. Indeed, the contact flow (j 1 φ) t preserves the p n coordinate and we have the following:
be such that the coordinate p n (z) = 0 is non-vanishing, p n−1 (z) = 0 and x(z) = 0. Then p x (z) = 0 and thus z ∈ D.
Proof. Let us verify p n = 0 implies p x = 0. Indeed, being a change of coordinates we have p n dq n + p n−1 dq n−1 = p x dx + p y dy, and, by the hypothesis p n−1 = 0, we have that p n dq n + 0dq n−1 = p n dq n = p n ∂q n ∂x dx + p n ∂q n ∂y dy.
Thus we have p x = p n ∂qn ∂x and, by Lemma 6, we have ∂qn ∂x > 0.
Lemma 7 shows that
This implies that any point of z ≡ (w, 0, 0, p n , 0) ∈ S \ W 0 satisfies that (j 1 φ) t (w, 0, 0, p n , 0) does not belong to D for any t > 0. This shows that the only intersection of the displaced Legendrian spheres is happening along the image of W 0 through the sliding flow. These intersections, in turn, disappear at time t = 1 + ε. In addition, observe that this property remains true after applying the cut-offs which achieve the compact supported for the contact isotopy. Since the displacement occurs in the q n directions and the Legendrian Whitney bridge essentially moves along the (q n−1 , q n ), the core work for achieving a compactly supported contact isotopy must be in cutting-off along the conjugate coordinates (p n−1 , p n ) and the Reeb direction τ . Let us start constructing this cut-off.
Let us start in a neighborhood of W 0 = S ∩ W, which is one of the two ends of the Whitney bridge. Let c ∈ R + be a positive real number c such that 0 < c < ε/2, and construct a compactly supported cut-off function G : (−3ε, 3ε) −→ [0, 1] satisfying that -G(0) = 1, G (0) = 0, and G is odd, -For all p n ∈ (−3ε, 3ε), the associated integral 
, which we extend to negative values by imposing even symmetry. Then G satisfies
Since G is an odd function, ( G (p n )) · p n is even and thus the function g : (−3ε, 3ε) −→ R, defined as
is an odd function which is also compactly supported in [−4c, 4c] after Equation (1). Since | g| C0 ≤ 3c, the above G satisfies the second property. Finally, smooth out the function G to a new C ∞ function G, which is C 0 -close to it, still has support in the closed interval [−4c, 4c] and satisfies the required properties. In particular, the associated function
has compact support in the interval [−4c, 4c], and satisfies g (p n ) = G (p n ) · p n and |g| C 0 ≤ 3c. Note that G can be chosen such that the norm |g| C 0 is arbitrary small, by choosing c as small as required. Now, the flow Ψ t (w, q n , p w , p n , τ ) = (w, q n + tG(p n ), p w , p n , τ − tg(p n )) is a strict contact flow defined for t < 1 + ε on a neighborhood of the intersection S ∩ W. It is here assumed that the function g is C 0 -small to assure that the map τ −→ τ − tg(p n ) is well-defined, since the τ -coordinate is defined for a small open neighborhood of τ = 0. In the same vein, the inequality |G| C 0 ≤ 1 implies that the function q n + tG(p n ) lies in the interval (−ε − 1, 1 + ε).
In addition, this cut-off flow is the identity for p n > 3ε and therefore it glues Ψ t (S) and S in the transition region Op({p n = ±3ε}). Thus, this discussion above resolves the contact cut-off regarding the direction associated to the 1-jet of the coordinate q n . Let us now study the remaining region q n−1 > ε, responsible for the horizontal directions in the Whitney trick, as depicted in Figure 1 .
The contact vector field associated to the above constructed flow is given by
Choose a real number δ ∈ (−ε, ε) such that for any point z ∈ Op(W) with coordinate q n−1 (z) ≥ δ, we have x(z) > 0. Fix a smooth step function
and defineR = R · H, where H is the Hamiltonian above. Then the contact vector field associated to the HamiltonianR is given by the formula XĤ = R · X H − (∂ qn−1 R) · H · ∂ pn−1 . Thus the associated contact flowΨ t coincides with Ψ t away from Op(Σ × D 2 (3ε)). In the neighborhood Op(Σ × D 2 (3ε)) we obtain
Since the upper bound
ε−δ can be made arbitrary small by further reducing c > 0, the flow ofΨ t is well-defined for time t < 1 + ε. In consequence, we obtain a 1-parametric family of Legendrian submanifolds obtained by flowing the Legendrian S along the contact isotopyΨ t , for t ∈ [0, 1 + ε). In addition, the Legendrian S 1+ε is disjoint from the contact submanifold D. Indeed, in the region S 1+ε ∩ (B \ Op(W)), the family of Legendrians S t remains constant and thus the empty intersection with D persists. In the region S ∩Op(W ) near the Legendrian Whitney bridge, the coordinate p n is preserved along the contact flow. It thus suffices to show that the Legendrian S t can only intersect D in points of the image of the domain W 0 = S ∩ {p n = 0} through the flow. This can be discussed in the following two regions: In consequence, since the coordinate p n is preserved by the flow, the contact flow coincides with the displacement flow constructed along W, and thus at time 1 + ε the intersection between S 1+ε and D must be empty.
Application to Isocontact embeddings
In this section we establish Theorem 2 by using Theorem 1. In line with standard h-principle arguments [5, 6, 12, 21] , the isocontact h-principle Theorem 2 follows from the resolution of the local problem, which is the content of the following:
, ξ) a proper formal isocontact embedding such that:
(1) The embedding is isocontact close to the boundary, i.
The embedding is smoothly isotopic to the standard embedding.
Then, there exists a family of formally isocontact embeddings (φ t , F Theorem 8 constructs a solution to the core local model in our existence h-principle. In comparison to the recent work [27] , it is crucial to emphasize that the contact embedding φ 1 induces the standard contact structure (D 2n−1 , ξ std ), which is the difference between the study of contact embeddings and the existence h-principle for isocontact embeddings. Theorem 2 follows from Theorem 8, thanks to the h-principle for isocontact embeddings between open contact manifolds [12, 21] applied to the formal isocontact embedding
where B N is a Darboux ball in (N, ξ N ) . Indeed [12, Theorem 12.3 .1] provides a formal isocontact deformation of (f 0 , F s )| N \B N to a genuinely isocontact embedding, and thus to the local model for Theorem 8. The aim is to perform a smooth isotopy K t , t ∈ [0, 1], relative to the boundary Op(B 3 ) such that K 1 is a transverse arc. In the 3-dimensional case this can be done explicitly, as explained in [19, Theorem 3.3.1] . In short, the case where the transverse knot is positively transverse everywhere except at Legendrian subsets can be solved directly by averaging the positivity at the ends. Thus, the only significant reason for K 0 not to be a transverse knot is the existence of interval subsets I ⊆ K 0 where the arc is negatively transverse. The solution is to insert a 1-dimensional wrinkle [13] , i.e. the transverse push-off of a Legendrian stabilization. In conclusion, in the 3-dimensional case the problem translates into a solvable question on plane curves and their slopes, an approach which does not exist in higher dimensions.
The crucial object in the 3-dimensional case is the notion of a transverse stabilization, which is neatly explained in [14, Section 2.8]. As depicted in [14, Figure 21 ], the transverse stabilization can be understood as a transverse bypass. This is where intuition for the higher-dimensional case starts to arise. A Legendrian bypass [26] can be understood as half an overtwisted 2-disk and, even more precisely, the connected sum of a Legendrian arc with the boundary of an overtwisted disk is tantamount to a Legendrian stabilization. Thus, the overtwisted disk can be understood as an object which provides the necessary stabilizations required for the smooth arc to become a transverse (or Legendrian) arc. In fact, and this is crucial, only half of the overtwisted 2-disk is needed.
The coming proof of Theorem 8 is based on the following 3-dimensional geometric heuristic. Instead of searching for half an overtwisted disk in the Darboux ball (B 3 , ξ st ), which allows for transverse stabilizations, insert an entire overtwisted 2-disk ∆ away from Op(K 0 ). This modifies the standard structure (B 3 , ξ st ) to a overtwisted structure (B 3 , ξ ot ), in which the h-principle for isocontact embeddings holds [3, 11] . Thus, the smooth inclusion K 0 ⊆ (B 3 , ξ ot ) can be made positively transverse, relative to the endpoints. By Gray's Isotopy Theorem, this can be considered as a smooth isotopy {K t } t∈[0,1] within the fixed contact structure ξ ot , such that K 1 is positively transverse. The h-principle does not a priori guarantee that the isotopy {K t } t∈[0,1] only uses half the overtwisted 2-disk ∆. (Although, in this 3-dimensional case, we know we can just use half overtwisted 2-disk, but such statement is not available in higher dimensions.) The argument then relies on proving that any such (formally transverse) isotopy {K t } t∈[0,1] can be made disjoint from half of the overtwisted 2-disk ∆ and that the isotopy {K t } t∈[0,1] can therefore be pushed to exist within (B 3 , ξ st ), where only half of the overtwisted 2-disk is available.
In the higher-dimensional case, the generalization of the arc
The fact that Theorem 8 is able to conclude an embedding of the standard contact structure (D, ξ st ) is a feature of both Theorem 1 and the h-principle [3] . In the 3-dimensional case, there is a unique contact structure induced in a transverse arc, whereas a codimension-2 contact embedding of a smooth disk D does not necessarily induce the standard contact structure (D, ξ st ). In addition, the formal contact type of a smooth embedding in higher dimensions differs from the data of the Theorem 1 which would allow for the removal of intersections between the Legendrian sphere S π and (φ t , F t s ) for all t ∈ [0, 1]. Instead, given that the maps (φ t , F t s ) are just formal isocontact embeddings, it suffices to treat this as a differential topology problem, rather than a contact topological problem, as in the following
, be a family of smoothly standard proper embeddings of the disk such that n ≥ 2, φ 1 does not intersect S π ⊆ B, a standard n-sphere in the ball, and φ t (Op(D 2n−1 )) is independent of t ∈ [0, 1]. Then, there exists a deformation through paths of embeddings φ t,s to a new 1-parametric family of embeddings φ t,1 : D −→ B such that: is connected. By deforming S π to a sufficiently small sphere with (the endpoint of) an isotopy Ψ 1 , the composition of Ψ −1 1 • φ t is our required deformation.
In conclusion, the initial formal isocontact embedding is made genuinely isocontact by inserting an overtwisted disk and using the h-principle [3] . Theorem 1 is used to ensure that the resulting isocontact embedding avoids the Legendrian sphere S π , i.e. that it avoids part of the overtwisted disk. Lemma 9 is then used to flow the image of the isocontact embedding away from the region where the overtwisted disk is inserted, and Lemma 10 ensures that the formal isocontact isotopy is also disjoint from S π . This yields the required isocontact embedding for Theorem 8.
Let us conclude the article with Proposition 11, on the connectedness of the space of embeddings into S 1 × B 2n . This is the higher-dimensional analogue of the 3-dimensional arguments in [25] on the topology of the moduli space of unknots. The argument strongly relies on the connectedness of the space of embeddings into B 2n+1 case, as proven by A. Haefliger in [22, Theorem 1].
Proposition 11. The space of standard embeddings of the n-sphere into S 1 × B 2n is connected, for n ≥ 2.
Proof. Let us denote X = S 1 × B 2n , and π : X −→ B 2n be the projection into the second factor. Let e : S −→ X be a standard embedding, with components e = (θ, m), where θ denotes the angle θ ∈ S 1 and assume, after genericity and possibly adding a finite number of kinks, that the smooth map π • e : S −→ B 2n is a generic immersion and the self-intersection points are all paired, i.e. the signed self-intersection number is zero. Here, a kink is a smooth isotopy of the embedding e : S −→ X which adds exactly a double point on its image π(e(S)) of the required sign.
Let us now choose a pair of canceling points q 0 , q 1 ∈ B 2n for π(e(S)) and a Whitney disk d : ∆ 2 −→ B 2n for the smooth map π • e : S −→ B 2n . The sliding, through a Whitney-move isotopy [28] , along this Whitney disk yields a homotopy through immersions L t of the immersion L 0 = π(e(S)) into an embedded sphere L 1 . This homotopy lies entirely in B 2n , and we need to choose a lift for the family of maps m t : S −→ B, defined by L t = m t (S), to a family of embeddings e t : S −→ X. For instance, choose a lift d : ∆ 2 −→ S 1 × B 2n for the Whitney disk d : ∆ 2 −→ B 2n such that the interior of d(∆ 2 ) does not intersect S, the lower hemisphere of ∂( d(∆ 2 )) still intersects e(S) and the upper hemisphere of ∂( d(∆ 2 )) does not intersect e(S).
The Whitney disk d : ∆ 2 −→ S 1 × B 2n can now be used to perform a Whitney-move isotopy along it such that both images e(S) and π(e(S)) through this smooth isotopy remain embedded. Finally, given that the degree of the map S −→ S 1 must be zero, we can isotope the smooth sphere S to live within the region Op(p) × B 2n , where p ∈ S 1 is a point. This yields an embedding of the smooth n-sphere S inside B 2n+1 . 
